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Abstract. The Drinflcd realization of quantum affine algebras has been tremen- 
dously useful since its discovery. Combining techniques of Beck and Damiani 
with our previous approach, we give a complete proof of the Drinfeld real- 
ization for the twisted quantum affine algebras using Lusztig's twisted braid 
group action. 



1. Introduction 

In studying finite dimensional representations of Yangian algebras and quantum 
affine algebras, Drinfeld stated a new realization of the Drinfeld- Jimbo quantum 
enveloping algebras of the afRne types. Drinfeld realization is the quantum ana- 
log of the loop algebra realization of the affine Kac-Moody Lie algebras, and has 
played a pivotal role in later developments of quantum affine algebras and quan- 
tum conformal theory. For example the basic representations of quantum affine 
algebras were constructed based on Drinfeld realization |FJl IJlj and the quantum 
Knizhnik-Zamoldchikov equation jFRj was also formulated using this realization. 

The first proof of the Drinfeld realization for the untwisted types was given by 
Beck [B] using Lusztig's braid group actions and Damiani's earlier computation for 
Uq{sl2) |Dalj (see also jLSS| ). By directly quantizing the classical isomorphism 
of the Kac realization to the affine Lie algebras, the first author also gave an el- 
ementary proof jJ2| of the Drinfeld automorphism using g-brackets starting from 
Drinfeld quantum loop algebras. In this elementary approach the Serre relations 
were verified for the first time in details for type A and several other types including 

(3) 

DX'- That paper also provided a general strategy and algorithm to check the Serre 
relations for other untwisted types. 

The proof of Drinfeld realizations of the twisted types has taken much longer 
time. In |ZJ| and jJZj we gave an elementary proof of the twisted Drinfeld realiza- 
tion starting from Drinfeld quantum loop algebras. In particular in jJZj we have 
shown that twisted quantum affine algebras obey some simplified Serre relations 
of lower degrees in certain types as in the classical cases, and from which twisted 
Serre relations arc consequences. Very recently at the time of writing this paper 
Damiani |Da3j gave a case-by-case proof of the twisted Drinfeld realization in the 
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same direction as |ZJ|, IJZj . In particular Damiani proved that there is a homomor- 
phisni from the Drinfeld's quantum loop algebra to the Drinfeld-Jimbo quantum 
enveloping algebra. 

The purpose of this work is to give a conceptual proof of twisted Drinfeld re- 
alizations using braid group actions starting from Drinfeld-Jimbo definition. Braid 
group actions have been very useful in Lusztig's construction of canonical bases 
[LH IBNj and arc particularly useful in Beck's proof of untwisted cases. We use 
the extended braid group action to define root vectors in the twisted case as in the 
untwisted cases. Some of the root vector computations can be done in a similar way 
as in |Da2| . We also give a complete proof of all Serre relations for the first time 
for both untwisted and twisted cases using g-bracket techniques |J1| . One notable 
feature of our work is that we directly prove the realization using the braid group 
action and fill up unchecked relations for untwisted cases as well. 

It has been observed in [Da3| that the usual argument of identifying of two 
quantum algebras by passing to g = 1 may not work in general, and |Da3| asserts 
that in strict sense all previous works on Drinfeld realization may be viewed as 
establishing a homomorphism from one form of the quantum affinc algebra to the 
other form. The second goal of our paper is to settle this long-standing problem and 
show that the Drinfeld-Jimbo algebra is indeed isomorphic to the Drinfeld algebra 
of the quantum affine algebra. We achieve this by combining our previous work 
identifying of the Drinfied- Jimbo quantum affine algebra inside the Drinfeld realiza- 
tion \ZJ\ IJZj and the explicit knowledge of the g-bracket computations developed 
in [J21IZJ] . 

The paper is organized in the following manner. In Section two we first recall 
the Drinfeld-Jimbo quantum affine enveloping algebras and define Lusztig's braid 
group action as well as the extended braid group action, and then use this to define 
quantum root vectors. Section three shows how to construct the quantum affine 
algebra Uq{A'{ '') (or [/^(Aj^'')) inside the twisted quantum affine algebra Uq{X'^^^) 

(2) 

(or C/q(^2n ) )• Section four we check all Drinfeld relations, in particular all Serre 
relations for twisted quantum affine algebras. Finally we prove the isomorphism of 
two forms of quantum affine algebras using our previous work on Drinfeld realization 
and g-bracket techniques. 

2. Definitions and Preliminaries 

2.1. Finite order automorphisms of g. In this paragraph some basic no- 
tations of Kac-Moody Lie algebras are recalled [K| . Let g be a simple finite- 
dimensional Lie algebra, and let a be an automorphism of q of order r. Then a 
induces an automorphism of the Dynkin diagram of g with the same order. Fix a 
primitive rth root of unity uj ~ exp^^. Since cr is diagonalizablc, it follows that 

where g^- is the eigenspace relative to w^. Clearly, the decomposition is a Z/?'Z— 
gradation of g, then g^, is a Lie subalgebra of g. 

Let A = {Aij), (i, j S {1, 2, • • • , N}) be one of simply laced Cartan matrices 
It is well-known that the Dynkin diagram D{A) has a diagram automorphism a 
of order r = 2 or 3. Explicitly A is one of the following types: Ajy {N ^ 2), 
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Dn [N > 4), and 1)4 with the canonical action of a: 
An --crii) ^ N + 

Dn ■■ (y{i) = 1 < i < - 2; (t{N - I) = N, 
Ee : cr{i) ^ 6 - i,l i 5; cr(6) = 6, 
Z?4 :ct(1,2,3,4) = (3,2,4,1). 

Let I = {1, 2, • ■ • , n} be the set of cr— orbits on {1, 2, • • • , A''}, where we use 
representatives to denote the orbits. For example {i,A'^+l — i}is simply denoted 
by i in type A. Consequently the nodes of the Dynkin diagram are indexed by 
/. 

2.2. Twisted afRne Lie algebras. For a non trivial automorphism a of the 
Dynkin diagram, the twisted affine Lie algebra g'^ is the central extension of the 
twisted loop algebra: 

0" = ( Sbi ® ® ® 

where c is the central element and ad{d) = t-^. Denote by / = /1J{0} the node set 
of Dynkin diagram of g'^ . Let f)"^ = t)[o] © Cc © Cd be the Heisenberg subalgebra of 

Let us use A"' = (uij) {i, j e /) to denote the Cartan matrix of the twisted 
affine Lie algebra g*^ of type X^K The Cartan matrix A"^ is symmetrizable, that is, 
there exists a diagonal matrix D = diag{di\i G /) such that DA'^ is symmetric. Let 
Qfi {i G I) C i}"^* be the simple roots and let (« € /) C f)"^ be the simple coroots 
of 0'^ such that {aj,a^) = a^. Let Q be the affine root lattice defined by: 

Q = 0Za,. 

ie! 

Subsequently Qo will denote the finite root lattice of the subalgebra g^. Indeed, 
QoCQ = Qo®Zao. Let Q+ = 0^^; lyoa,, then = Qo n Q+. 

Introduce the non-degenerate symmetric bilinear form ( , ) on Q determined 
by (ofi, aj) = dittij. Let 5 = X^ig/'^i'^i ^ be the canonical imaginary root of 

minimal height such that (6, S) ~ and ((5, ai) = 0,Vi S /. Here the coefficients 

(2) 

are unique such that tq is always 1, and we have chosen the labels of different 
from [K] . 

Let P"^ = {A^ e ^'^|(aj,A^) e Z} be the coweight lattice over Z, and define 
the fundamental coweights ut'lf G such that (0;^, wj) = (5^, {c,ujJ) = 0, Vz S /. 
So c? = . Additionally, we are going to introduce another important sublattice 
P defined by P = ©^^jZw^, where uji = PiUj'^ for i E I and ujq = cj,^ = d, and 

(r, if cr(i)=i; 
[1, otherwise 

Let us denote by Pq and Pq the finite coweight and weight lattice of the subalgebra 
0„ respectively Then P^^ C P^ = pv ^ ^^^^ pv c pv ^ pv ^ ^w^^ 

Recall that the (affine) Weyl group W is generated by {si\i S /} < Aui([)'^*), 
where Si(A) = A — (A, Q;/)Q;i, thus s^ctj) = ctj — atjai. The Weyl group acts on 
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by Si(A^) = A"" - {a^,X'')a'^. For any weW,ifw = s^,Si 



is a reduced 



expression of w, then we define the length = /. Let Wo be the subgroup 

generated by {si\i £ I}, thus Wq is the finite Weyl group of 

Let Aut{T) be the group of automorphisms of the Dynkin diagram associated 
with g'^. Then Aut{T) acts on W by TSiT''^ = s^(i), Vi e i,yT £ Aut{T). We 
denote T = Aut{r) n (Wq k P^). We further introduce the extended affine Weyl 
group W = T t< W, which can be written as Wq ix P for twisted cases. The length 
function £ is extended to W by £{tw) = ({w), for t e 7", w G W. 

2.3. Twisted quantum afRne algebras. In this paragraph let us review the 
definition of twisted quantum affine algebra Uq(g'^). Set qi ~ q'''\ i £ I. Introduce 
the q— integer by: 



I — 



k=l 



Definition 2.1. The twisted quantum affine algebra Uq(g'^) is an associative 
C(g)— algebra generated by {E^, Fi, Kf^, 7^^} for i £ I, satisfying the following 
relations: 



{Rl) 
{R2) 

m 
m 

(i?5) 
(i?6) 



7^ 2 is central and 7 = Ks 



K,K- 



1, K,Kj = K,K,, yi, j £ I, 



K,E,K-' =q^'^E,, K,F,K-^ =q.^'''^F,,Vt,j £i, 



K, - K 



E 

s=0 



(-ir 



l — aij 



^1 a,, ^E^^s 



0, Vi^^j, 



0, Vfy^j. 



Remark 2.2. (1). There exists a unique Hopf algebra structure on Uq(Q'^) with 
the comultiplication A, counit e and antipode 5* defined by (i £ I): 

A{E,) ^E,® K-^ + 1®E,, A(F,) ^ F,®l + K,®F,, A{K,) =K,® K„ 
e{E,) = 0, = 0, e{K,) = 1, 

S{E,) = -E,K,, SiF,) = -K-'F,, S{K,) = K-\ 

(2) . Let (respectively, U~) be the subalgebra of Uq(Q°') generated by the el- 
ements Ei (respectively, Fi) for i £ I, and let {/° be the subalgebra of Uq(Q'^) 
generated by Ki and 7^^. The twisted quantum affine algebra Uq(g'') has the 
triangular decomposition: 

(3) . When atj — —2. the quantum Serre relation becomes: 

EjEf — [3]iEiEjEf + [3]iEfEjEi — EfEj 
= [Ej^i ^ ["^hiEiEjEi + EfEj, Ei ] 
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Similarly, if atj = — 3, we have the following equality. 

E,Ef - [4],E,E,Ef + \^^EfE,Ef ~ [4l.EfE,E., + EfE, 

= AEf - [2],E,AE, + EfA 

where A = EjEf - [2],E,EjEi + EfE^. 

From the above identities, it is not hard to see that the higher degree Serre 
relations can be derived from the lower degree ones. Also it is expected that the 
non simple-laced Dynkin diagrams can be obtained from simple-laced one by the 
action of a. 

The following proposition can be checked easily. 

Proposition 2.3. There exist an antiautomorphism (f> (over C{q)) and an 
automorphism (over <C) ofUq{Q'^) defined as follows: 

= HF,)^E„ <^{Ki)=K-\ $(7±^) = 7T^$(g) = g-i 

^l{Ei)^E,, n{K,)=K~\ n{^^i) ^ j^K^iq) = q^' ■ 

We recall Lusztig's braid group associated to W, which acts as an automor- 
phism group of the twisted quantum afBne algebra Uq(Q'^) ( |Llj ). For simplicity, 
we denote by Ti ~ T^., i G I. The actions of Ti and on Chevalley generators 
are defined as follows: 

Tr\Ei) = -AV^F,, T-'iFi) = -EJU, 

— dij 

— Clij 

s=0 

where = and F^'^ ^ 

Wc extent the braid group action to the extended Wcyl group W by defining 
Tr as: 

Tr{E,) = Er(i), Tr{F,) = , Tr{K{) = K^^i). 

Remark 2.4. The braid group action Ti commutes with $, that is Ti$ = ^Tj. 
Furthermore, one has VlTi = T-'^n. 

Note that W = Wq k P, some properties about T^j^ will be discussed which are 
almost the same to non twisted cases, where Wi = piUi^ . 
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3. Vertex subalgebras C/q'' 

(2) 

There are three different lengths of real roots for the type of A^^l , which requires 
a different treatment from other twisted types. For each i G I we construct a copy 
of Uq{sl2) inside [/^((X^'') for Xn 7^ A2n- For the case of (^2n i "^iU construct 
a subalgebra isomorphic to Uq {An ) ■ 

3.1. Root system. The root systems A of twisted affine algebras g"^ is given 
by A = A+ U -A+ and A+ = A> U Aq U A<, where A> Aq and A < are list as 
follows (see [K]l: 

Ao {k5\k > 0} X /, 

For the type A^^l 

A> = {kS + a\a e A+, fc > 0} U {{2k + 1)6 + 2a\a G A+, (a, a) = 2, fc > 0}, 

A< = [kS - a\a e A+, fc > 0} U {{2k + 1)5 - 2a\a e A+, (a, a) ^ 2, k > 0}, 
for other types 

A> = {kdaS + a\a e A+, fc > 0}, 

A< = {kdaS - a\a £ A+, fc > 0}, 

where A+ is the positive roots system of and da = ^"2°"* • Here we call A+ the 
set of positive roots of q°' . 

3.2. Quantum root vectors. In order define the quantum root vectors, we 
review some notations from Beck-Nakajima |BNj (see also jDa2| ). For Wi G P, Vi S 
/, we choose Ti G T such that 0JiT~^ S W . Choose a reduced expression of w^r"^ for 
each i G /. We fix a reduced expression of a;„cj„_i ■ • • wi as follows: cj„w„_i ■ • • wi ~ 
SiiSt^ ■ ■ ■ Si^T, where t = r„ • ■ - ri. 

We define a doubly infinite sequence 

h= (■•• ,i-i,io,ji,---): 
by setting = T(i;) for / 6 Z. 
Then we have 

A> {o^ioi '^10(0^1-1)1 'Sio Si_ J (ttij ) J ' ■ ' }i 

A< = {ail, Sii("i2)> SiiSi2(ai3)7 ■••}■ 

Set 

[s,oSj_i •••Si,+i(aiJ, if fc < 0; 
ls,iS.»2 •••s.»,_i(a,J, if fc > 0. 
Define a total order on A+ by setting 

/3o < < /3-2 < • • • < < • • ■ < <5^"^ < 2<5(^) < • • ■ < /32 < /?!, 

where fcj^'^ denotes {k6,i) e Aq. 

The root vectors for each element of A> U A< can be defined as follows: 



Ef, 



Tr'Tr' ...Tr' {E^- ), if fc < 0; 
" \T,,T,,---T,^_^{EaJ, if fc>0. 
It follows from [Llj that the elements Ep^, G [/+. 
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Remark 3.1. For a positive root a = uJi{ai) in the root system A> U A< of 
Uq{g'^), there exists another presentation a = uj2{c(j) where cji,cj2 are in the Weyl 
group W and ai^aj are simple roots. Then the quantum root vector Ea can be 
defined by two ways: 

Ea ~ Ti^2 {Ej ) 

Actually, the two definitions are same, because there exists w G Wq such that 
aj = a;(ai), which means that uji = UJ2U1 and /(wi) = l{u}2) + '(w), then we have 

Tuji{Ei) = T^2i^{Ei) = Tui^T^iEi) = T^^iEj)- 

Furthermore, if /3fc ~ ai for some i G I, then Ej^^ = Eai- As usual, define 

Fp ^ for all /3 G A> U A<. ' 

Now we introduce the root vectors of Drinfeld generators [BCPl IDa2) . 

Ekp,s+a, = T-''{E,), for fc > 0, 
Ekp^s^a, = t!:T-\E,), for fc > 0. 

Note that the definitions are not so different from those of non twisted cases 
up to some slight adjustments because of the difference between their root systems. 

3.3. Vertex subalgebra Uq \ Let subalgebra Uq^ of twisted quantum affine 
algcbray,(r) be generated by T^T-\E,), F„ T^J-\F,), Kf\ T^T-^Kf^) 
and 7^2 for i £ I. 

It is clear that the vertex subalgebra Uq is stable under the actions of $, T^, 
and Ti^-. Additionally, Uq^"^ is pointwise fixed by Ti^^ for j ^ i. 

We list the following result which is already proved in jL2j (also see jB|. |Da2"] ). 

Lemma 3.2. Let i ^ j e I, one has that 

(1) i{uJ^S,UJ^) = 2£{0J,) - 1, 

(2) T-'T^rr' - TJ/ n tJ^^ , 

(3) T-\E, ) ^ T~;^ T, {E, ) . 

The following statements are based on the construction of [B], also see jDa2) . 
Lemma 3.3. We have 

(1) [T^T-\E,),F,]=Q, 

(2) E,T-l (E,) ™ qjT-^{E,)E, = 0, 

(3) T^^{Kt^)^^Kf\ 

(4) K,T-\E,) ^ q^T-\E,)K,. 
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Proposition 3.4. Fori G /, there exists an algebra isomorphism tpi : Uq{A\^^) 
Uq \ defined by 

ip,{F,) = F„ ^,{Fo) = T^Tr\F,), 

3.4. Relations of imaginary root vectors. Now we define the positive 
imaginary root vectors. For fc > and i G / let 

tlrcn we use (fi(pik) to denote ^{tpiipik)). 

Define the elements Eikp.g G U'^ by the functional equation 



exp{{qi - q^ ^) ^ Ei^kpiSU^) = 1 + (^^ - ^)'^tpi{pik)i 

k>0 k>0 

Similarly, us introduce Fi^kpiS = ^{Ei.kpiS) for fc > 0. Then we have the 
following lemma 

Lemma 3.5. For i, j £ I,k, I > 0, we have 

[£■■1, kpiS, Ej^ ip-s ] = 0. 

Define a map a : I ^ {il} such that o{i)o{j) — —1 for Oij < 0. For fc > and 
i G /, let 

ai{pik) = o{i)''^~^ E.^kpiS, 
Tp^iPik) = o{iY{qi - q:r^)-f-i K,ip,{p,k). 

Similarly, we can define ai{—pik) and ipi{—pik) for fc > 0. 

The following was given in |Da2j . which is an application of Beck's work ([B|). 

Proposition 3.6. For i, j G I, for fc > 0, / > 0, the following relations hold: 

(1) [ipi{pik), ipiipil)] = 0= [oiipik), Oiipil)], 

(2) T^^{'4>i{pik)) = -ipiip^k), T^.{ai{pik)) ^ a^ipik), 

[2r], 7*= -7^'= 



(3) [a,(pifc), ai{-pil)] = Sk,i- 



9» - It 



(4) [a,(p.fc), tjHe,)] = Mr-('=+')(i?,). 



3.5. Relations between Uq and Uq . We recall the commutation relations 



g 

among the root vectors from |Da2| and remark that the argument also works in 
the case of ■ 

Lemma 3.7. (^2\, [E], [Da2] ) One has that for i, j G /, 

(1) ^LOi'-^LOj ^LOj^LOi'! 

(2) T^^ [E,) = E,, and T^T, = T,T^^ for % ^ j. 
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We also let T^j- = o{i)T^^. The following is immediate. 



Lemma 3.8. If a.. 



for i,j e I, then [U^'' , Wq" ] = 0. 



Lemma 3.9. For i ^ j ^ I. and k, I e Z, 



\f-!'{E,),f-^{E^)]^Q. 



li i =/= j E I such that aijaji = 1, it is easy to see that a{i) ^ i and a{j) ^ j 
and di = Pi = 1, dj = pj = 1. Thus one has the following lemma. 

Lemma 3.10. If i j €z I such that aijOji ~ 1, then for k > 1, I E Z, one has 
following relations. 



(1) [ (1), iJ, ] = -7- 3 f 

(2) [Mk),fj;{E,)] 

- 7"^ {qfj}'-''\E,)Mk - 1) - q-'Mk l)r-('+i)(i?,)) , 

(3) [M^),F,]^^-if^^{F,), 

(4) iMk), Tl^{F,)] - 7^ (9"'r('+i)(F,)^,(fc - 1) - qUk l)f . 



li i ^ j E I such that aij = —r and ajt = —1, it is easy to see that a{i) ^ i 
and (t(j) ~ j and pt ~ di = 1, dj = r. Then the next result follows. 

Lemma 3.11. Suppose a.^j = — r and aji = —1 for i ^ j E I. Then for 
k > r, I £ Z, we have 



(1) [V.(l), fjliE,)] = -1-Ha,,],f-I'+'\E,), 

(2) [MP.k),fj;{E,)] 

(3) [v.(i),T'4(^^,)] = 7-^M.^if (^;-), 

(4) [^,(p,;fc),f4(^;)] 



The following statements follow directly from Lemma [3. 131 and 13. Ill Note that 



Lemma 3.12. Let i ^ j E I such that OijUji ~ 1. For A: > 1, Z e Z one has 




(1) 



[a,{p,k),t^{F,)] 



[a,{p,k),f-;{E,)] 
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Lemma 3.13. Let i ^ j E I such that aij = —r and ciji = —1. Then for 
k > r, I E Z, 



(1) [a.,{p.,k),f-;{E,)]^ 

(2) [a,;(p,fc), t4(F,)] = 



0, otherwise 
0, otherwise 



(3) [ai{p.ik), aj{-pjl)] = 4p,,;pj y , • 

(2) (2) (2) 

3.6. Copies of in • F'or the case of A^^l, the definition of the quan- 
tum root vectors differ from other twisted cases because of its shghtly comphcated 
root system. This situation has been discussed in detail in |Da2] . here we wiU 

(2) 

review some definitions and resuhs. The case of A>, has been dealt with carefully 
in [A|. 

In this paragraph we discuss the remaining cases and show that for i = n, there 
exists a copy of Uq^^ ~ Uq {A^2^ ) in Aj^^ . 

Let us introduce the longest element of the Weyl group W: 

W = S0S1S2 • • • s„, 

then w"^^(ao) ~ S — 2q!„, where S ~ uq + 2ai + • • ■ + 2a„. 

In particular, define Es-2a„ = T^~'^{Eo), and Fs-2a„ = $(£'5-2a„)- 



Proposition 3.14. LetUq^^ be the subalgebra generated by En, F„, K^^, Es-2a„, 

■2q„, Ks-2a„ 

fined as follows: 



Fs-2ani I^S-2a„- There exists an algebra isomorphism tpn '■ Uq{A^2 '^) — S- Uq^^ de- 



±1n _ p±l 

(finiEo) = Es-2a„, iPn{Fa) = Fs-2a„ , (finiKo^) = ^^l^a 



ipn{Ei)^En, (p„(Fi)=F„, (p„(/ff^)=F„ , 

.±1n _ r^±l 



4. Drinfeld realization for twisted cases 

4.1. Drinfeld generators. In order to obtain the Drinfeld realization of 
twisted quantum affinc algebras, we introduce Drinfeld generators as follows. 

Definition 4.1. For /c > 0, define 



xfik) 



T'l'iEi), if (T{i)^i or = i and r\k 

0, otherwise 



-o{iY"l ^KiEkS-cti: if <^{i) 1^ i or a{i) = i and r|fc 
0, otherwise 
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Definition 4.2. For k < 0, define 

.T+(fc) = 



—o{i)''F^ai-ksKi ^j'^, if o'(i) ^ i or <T(i) = i and r\k; 
0, otlierwise, 



f^.{Fi), if or a{i) ~ i and r|fc; 

0, otherwise, 



Remark 4.3. From the above definitions it foUows that ai(fc) = if cr(i) = i 
and k is not divisible by r. 

For convenience we extend the indices from / to {1, 2, ■•• ,A^}. For i G {n + 
1, n + 2, • • • , A^} and fc G Z, / G Z/{0}, we define that 

xflk) = w"''x^(.)(fc), ai(/) = w"'a^(i)(/), A'i = i^^(j). 

4.2. Drinfeld realization for twisted cases. In previous sections we have 
prepared for the relations among Drinfeld generators. The complete relations are 
given in the following theorem stated first in |Drj . In the following we will out 
to prove the remaining Serre relations using braid groups and other techniques 
developed in [ZJ|, |JZ]. 

Theorem 4.4. The twisted quantum affine algebra Uq(Q'^) is generated by the 
elements xf{k), ai{l), Kf^ and 7^ , where i G {1, 2, ■ • • , N}, fc G and I G Z/{0}, 
satisying the following relations: 

(1) xf{k) = uj~''x'^^^^(k), ai{l) = uj~'a^!^,){l), K., = K^(i), 

(2) [7±5, m]=0 for all US"). 

\kA, -.-'i- "'fe "'-fc 



(3) MkUm = 4+, „^ ^-v^-o-)H ^..2_^, 

(4) [a.(fc),if±]=0, 

(5) K,xf{k)K-' = / ^o^"'''''xf{k), 

(6) [a,(fc), ^±(0] = ±gMl:^..'=^7^^^,^(fc + 0, 

s=0 

(7) [xt{k),x-{l)] = 2 ^^^^^(7'^V'.(fc + - I'^^.ik + I)). 

where il)i{m) and (pi{m) (m € Z>o) are defined by 

00 00 

Tp.,{m)z-"' K,expiiq, - g,"^) ^ a,(fc)z"''), 

m=0 k=l 

00 00 

E = K-'exp{-{q,-qr^)Y,^^{-k)z'). 



m=0 k=l 
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r-1 



(8) lliz - u''q^^^--'0)w)xf{z)xf{w) = [|(z<z±^-=(^) -uj'w)xf{w)xf{z). 



s=0 s=0 



(9) %m,,,,,/^±(zi, Z2) ■ ■ ■ xf{z,)xfiw)xf{z,+i) ■ ■ • xfiz^) = 0, 



s=0 



for = -1, <7{i) 7^ j, 

(10) S'ym^^^^^.zaK^'^^^i - - q^^)z2 + Z3)xf(zi)xf(z2)xf{z3)] = 0. 

for v4j,^(i) = -1. 

where Sym means the symmetrization over Zi, xf{z) = J2kez^f i^)^^'' ' Piji'^^'^) 
and dij are defined as follows: 



If = i, then P^j {z,w) = 1, dij = r/2, 

VA.aii) = 0, a{j) = j, then P^{z,w) = ^ , d^j = r, 

IfA,^.(€, = 0, + .7, then Pffiz.w) = 1, d,^ = 1/2, 
IfA,a(z) = -1, then Ptf{z,w) ^ zq^""/"^ + w, ^ r/2. 

4.3. The Proof of the main theorem. We need to verify tliat the above 
Drinfeld generators xf{k),ai{l), Kf^ satisfy all relations (1) — (10). The relations 
(1) — (7) are already checked in the previous paragraphs. We are going to show the 
last three relations. 

We first proceed to check relation (8). 

Proposition 4.5. For all i,j € I one has that 

r — 1 r — 1 

Y[{z-uj''q^'^'-'"'i^>w)xf{z)xf{w) = J|(zg±^--=0) - uj''w)xf {w)xf {z), 

where xfiz) = Ekez^fi^)''"''- 

The relation holds if Aij = 0, so we only consider the case of Aij ^ 0. The 
proof is divided into several cases. 

Case (a): i = j. The required relations are generating functions of the follow- 
ing component relations: 

xt{k+p,)xt{l)-qt'xt{l)xt{k+p,)^qt^xf{k)x^{l+p,)-xt{l+p,)xf{k). 

On the other hand the following relations hold in relation in Uq similar as in 
the untwisted cases. 

T-\E,)E, - qfE,T-''iE,) = qfT~''+\E,)T^^{E,) - T^^{E,)T-^+\E,). 
Hence the required relation follows by recalling the definition of xf{k). 

Case (b): i j such that Aij ^ 0. 

First for i,j we define 

E,j^-E,E^+qf^^E^E,. 



TWISTED DRINFELD REALIZATIONS 



13 



Lemma 4.6. For i ^ j e I such that Aij ^ 0, and fc e Z, 
-T^'iE^)T-;{E,) + qt"T-\E,)T-HE^) 

Proof. Applying T~.'^ and Tj;' to Eij and invoking Lemma 3.7, wc can pull 
out the action of T^^ to arrive at 

-T-^\E,)E,+qt^^E,T-^'^{E,) = qt^^T-}>^-P^\E,)T-^^^ 

which was essentially proved by Beck [B] since djpi ~ dipj. □ 
The following well-known fact will be used to prove the remaining relations. 
Lemma 4.7. If A e Ug{g'^)+ and [A, Fk] = OV/c e /, then A^O. 

We concentrate mainly on the relation (9) and divide it into four cases. The 
Serre relation in the case of P^{zi, Z2) = I can be derived from that of non twisted 
case. Moreover, the proof will explain why the Serre relation with the lower power 
works by the action of diagram automorphism a in the twisted case. 

Proposition 4.8. For A^j = -1 and a{i) ^ j, we have: 
2 

Sym^,,,^P^^{zi,Z2) ^(-l)'*a:f (zi) • • • xf{zs)xf{w)xf{zs+i) ■ ■ ■ xf{z2) = 

s=0 

Proof. This is proved case by case. 
Case (i): A^j = —1 and a{i) = i. 

In this case P^(zi, Z2) = 1 and dij = r, it is also clear that di = r, then the 
relation is exactly like the Serre relation in the non-twisted case. For completeness 
we provide a proof for this Serre relation, i.e. we will show that for any integers 

ki,k2,l 

Synik, M {4 i^H{ki)4ik2) - [2],xt {ki)x+ {l)x+ {k2) + x+ {h)x+ {k2)x+ (l)') - 0. 

Note that x^{l) = T~^Ej. Lemma 3.7 says that one can pull out any factor of T^- 
or common factors of T^. from the left-hand side (LHS). This means that for any 
natural number t the following relation is equivalent to the Serre relation. 

(E,E.{f-^{E,) - [2l,E.,E,fj^'{E,) + E,fj^\E.,)E,) + (i?, o f-/(i?,)) = 0. 

We prove this last relation by induction on t. First note that when t = 0, 
the relation is essentially the relation (i?5). We assume that the above relation 
holds for < i — 1. The remark above further says once we have made the inductive 
assumption then all Serre relations with |fci — ^2] < t — 1 and arbitrary I are also 
assumed to be true. Using relation (6) in Theorem 14.41 yields 

jL 
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Plugging this into LHS of the Serre relation we get that 

^(i?,i?,f-*+i([a,(l), E,]) - [2],i?,i?,f-*+i([a,(l), E,]) 
+i?,f-*+i([a.(l), E.,])E,) + (e, ^ f-^+\E,)) 

1 

= 2i(i?,i?,[a,(l), f-^'+HE^)] - [2].E,E,[a,{l), f-'+\E,)] 
+EM1), f-^+\Ei)]E,) + (E,^f-^+\E,)). 

Then we repeatedly use (*) to move ai{l) to the extreme left to get an expression 
of the form 

a,{l)(E,E,f-^+\E,) - [2],E,E,f-^+\E,) + E,f-^+\E,)E,) +■■■ 

where • ■ • only involves with LHS of Serre relations with t — 2. So the whole 
expression is zero by the inductive assumption. Thus we have finished the proof of 
the Serre relation (9) in this case. 

Case (ii): A^^ = -1 and Aj^^(i) = 0,<T{j) = j. 

(2) 

For r = 2, without loss generality we take ^2n-i example, the other 

cases are treated similarly. In this case we only need to consider the situation when 
i ~ n — 1 and j = n, then P,^(zi, Z2) — ziq^'^ + Z2 and dij = 2. So we need to 
prove the following relations. 

q'[x+{l)x+{k + l)x+{k) - [2],.xtik + l)x+{l)x+{k) + x+{k + l)x+mx+{l)) 

+ {x+{l)xt{k)xtik + 1) - [2],.xtik)x+{l)xt{k + 1) + xt{k)xtik + l)x+(0) 
= 0. 

Using the definition of xf{k) and collecting the action of T^.'^T^j, we are left 
to show that 

X= {E,f-^{E,)E., - [2]^.f-\E.,)E,E, + f-\E,)E,E,) 

+ (E,E,f-^{E,) - [2],.E,E,f-^\E,)+E.,f-^\E,)E,) = 0. 

To see this we use Lemma 14.71 and compute all the commutators [X, Fk] = 
for k ^ I. First we consider the case of fc = 0. Note that [Ei, Fq] = whenever 
i ^ 0. On the other hand, one checks directly that 

[f-^\E,), Fo] = f-^m, TM)]) = T-^m, F^]) = 0. 
Consequently it implies that [X, Fq] = Q. 
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Since X is expressed by Ei and Ej, [X, Fk] = for any k ^ Using Drinfeld 
relation (7), we compute that 

= q'(^[E^^f-\E,)E., ~ [2],.f-\E.,)[E^^E, + fj^\E,)E, [E^^) 
+ (^[E^E,f-\E,) - [2]^.E,[E^^f-\E,) + E,fj^\E,)[E^J)^^ 

2 

= t( (1 - mg-q'^ + 9"') lU + (1 - [2]g2q2 + g4) Kr^)f-^i(E,)E, 

qi-qi . ' . ' ^ 

+ ^( (1 - [2]9^9"' + q-^) lu + (1 - [2W + Kr')E,f-^\E,) 

qi-q-i V ' " V ' ^ 

= 0, 

where Drinfeld relation (5) has been used. 

[X,F,] 

= (e, [f-\E,), F,]E,^ [2],2 [f F^ ] E,E, + [f-\E,), F, ] E,E, 
+E,f-^ {E,)[E^ - [2],2f~\E,)E,[E^+f-^' {E,)[E^E,) 
+ [E,[E^f-\E.,) - [2]^.[E^E,fj^\E.,) + [E^f-\E.,)E, 
+E,E, [f-^{E,),F, ] ~[2]^2E,E, [Tj/(i?,), F, ] +E, [fj^\E,), F, ] E,) 

where wc have used the Drinfeld relation (7), (5) and (6) for the last step. Collecting 
common terms, we arrive at 

[X,F,] 

= [J ^q^-q^[2],2 + ^) E^E,a,{^)K^ + {q^ ^ q^mMEjf~\E,)K,'^ 
+ (ji {q' - [2],2 + q-') E,E,a,{l)K, + q^[2]f-^{E,)E,K^ 

qi - qi . ' ^ 

+ ^-t( (1 - i'^W + l') T-'E,Kr^ + (2 - [2]^.q^)f-'E,K,) 

= ([2] - [2])E,f~\E,)IU + {q'[2] - q^[2])f-\E,)E,K, 
= 0. 

For r = 3, the exceptional type D\ ' should also be checked. In this case we 
know that ^^^"(21,^2) = z^q"^"^ + ziZ2q'^^ + z\ and = 3. More specifically we 
have in this case i = 2, j 1 and di — 2,dj — 1, and the relation is reduced to the 
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following equivalent one: 



(x+{l)xt{k + 2)xt{k) - [2],.xt{k + 2)x+{l)x+{k) + x+ik + 2)xtmx+{l) 
W{x+{l){xt{k + l)f [2],3.X+(fc + l)x+(/).T+(fc + 1) + (x+(fc + l)fx+{l)) 
+ (x+{l)xt{k)xt{k + 2)- [2],.xt{k)x+{l)xt{k + 2) + xt{k)xt{k + 2)x+{l) 



= 0. 



By definition of xf{k) and collecting the action of T^.'^T^j , we can rewrite the 
LHS of the above relation as follows. 



[E,T-f{E,)E, - [2]^.T-f{E,)E,E, + T-f{E,)E,Ej 
+ci^(E,f-^{El) ~ [2]^.f-^{E,)E,f-^{E,)+f-^{El)E, 
E,E,f-^{E,) - [2]^.E,E,f-^{E,) + E,f^^{E,)E_ 



Let's use Lemma 4.7 to show that y = by checking that [F, i^/j ] =0 for all 
k E I. When A: = is clear as Y is only expressed in terms of Ei and Ej and 
i,j £ I. This also implies that [Y, Fk] = for fc ^ i or j. 

For fc = j, we use Drinfeld relation (4) and the commutation relation [Ej, Fj ] — 

~r to get that 



q^{[E,, F,]f-^{E{)E, - [2]^sf~^{E,)[E,, F,]E, + f-^{E,)E,[E„ F, 
+q^{[E„ F,]f-\Ef) ~ [2]^sf-\E,)[E,, F,]f~\E,) + f~\Ef)[E, , F,] 
\e,, F, ]E,f-^{E,) - [2],.E.AE„ F, ]f~'{E..) + E,f-^iE,)[E, , F, ]) 

4 

-( (1 - [2],3g3 + g6) + (1 _ [2],3g-3 + 9-6) KrAf-^^{E,)E, 



1j - 1j 

J2 



+ T ( (1 - + 1') + (1 - [2],3g-3 + q-') K~')f~nEf) 
qj — 9, .. ' .. ' ^ 



+ ^( (1 - [2],39=^ + 9*^) if. + (1 - [2]gsq-^ + KJ^\E,f-^[E,) 

qj - <ij V ' V ' ^ 
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Next we calculate that 

= q^Ej [fj:'iE,), F,]E,- [2],3 F,]E,E, + [f~^{E,), F,]E,E,) 

[e, f-^{E, ) [E^^ - [2] ,3 f -2 ) +f -2 (E, ) E,) 

+qHE, [f-^{E,lE]f-^{E.,) - [2],3 [f-^{E.,),F,]E,f-^{E,) 

+ [f-^{E,),F,]f-^{Ei)E,) 
V iE,f-^{E,) [f-^{E,),F, ] ~[2]^.f~^{E,)E, [f-^{E,),F, ] 

+f-^m[f-^{E,),F.,]E,) 
+ (e, [f-^{E.O, F.,]E,- [2],.E,E, [f-'{E,), F, ] +E., [f-^{E,), ] E,) 

To show the above is actually zero, we collect similar terms into five summands. 
The first term 

= 7(9'i?,(a.(2) + ^^^^{a,{l)f)E.,- q^[2],.{a,{2) + ^l-^{a.,{l)f)E,E, 

+i?,i?,(a,(2) + ^i^K(l))2))A-, 
= ( - ^E,f-^{E,) - (9 - q-')E,{a,{l)f-^\E,) + f-^\E,)a,il))) 

The second term 
= l{q'{a,i2) + 2l^^(a,(l)f)E^E, [2],.E,E,{a,i2) + 

+q~^E,{a,{2) + 2l^Jll{a,{l)f)E,)K, 

= {<l'Y^^■{E^)E,+r^^Y'^'{q - q-'){a,{l)f~\E,)+f~\E,)a,il))E,)K, 

The third term 

= 7^ {q^Eja,{l)f-^\E,) + q^ E,f-^{E,)a,{l) - q[2]^.a,{l)E,f-l{E,) 

-qMq^f-■{E^)EM^) + 1'^^i^)T-\E^)E, + qf-\EMl)Ej)Ki 
= 7^ ( - q'E,a,{l)fj^\E,) - q'f-\E,)a,{l)E, 

+q^E,f-^{EMl) + qa,{l)f-^{E,)E,^Ki 
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The forth term 

^[2]^.{K,~K~^)E,f-^{E,)) 

[A]E,f-\Ei)K, 



The fifth term 

+ (K,-Kr^)f-^{E^E>j 

Their total sum is zero, thus we have shown that [y, Ff.] = and subsequently 
the Serre relations hold in this case. 

Case (iii): Aij = —1 and ^i^cr(i) — 0, a{j) ^ j. The required relation follows 
from that of the untwisted case verified in Case (i). 

Case (iv): Aij = — i and = ^1- This only happens for type • Here 

P^{zi,Z2) ~ ziq^^ + Z2 and dy ~ ^, which is exactly the same as that of Case 

(ii) in type ^2ri-i- Thus the Serre relation is proved by repeating the argument of 
Case (ii). 

By now we have proved all cases of the Serre relation (9). □ 

The last Serre relation (10) only exists for type A\^. 
Proposition 4.9. For Aj^(j) = 0, 

Symzi,z2,z3[{q^^ zi ~ {qi - q^i)z2 + q^^ Z3)xf{zi)xf{z2)xf{z3)] =0. 

Proof. By the same translation property of the Drinfeld generators, this re- 
lation can be replaced by 

g-ix+(l)(x+(0))2 - {qi + g-^)x+(0)x-+(l)x-+(0) + gi(x+(0))V(l) = 
By definition of x^{k), the above relation is rewritten as: 

Z := q-lf-\E,)Ef - {q-^ + q--^)E,fj^\E,)E, + ql Eff-^\E,) = 0. 



Using the same trick of Lemma [4.7) we must show that [Z, Fk] — for all k E F 
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(q-H-^{E,)[E,, F,]E, - [2],[E,, F,]fj^\E,)E, + q-^f-^\E,)E,[E,, F,]^ 
+ (^qiE,[E,, F,]f-^\E,) - [2],E,f-^\E,)[E,, F,]+ql[E,, F,]E,f-^{E,)) 
+ (q-Hf-^{E.,), F.,]Ef - [2],E,[f-\E,), F,]E, + qiEf[f-HE,), F,]) 



Qi - li 



^{q-' - g') + 9* [2]. (9 + q-' + l))f-^{E,)E,K, 



+ - 1) - q^mq + q-' + 1) ) i?.f 



qi - 9» 



= 0. 



With this last Scrre relation we have completed the verification of all Drinfeld 



5.1. The inverse homomorphism. To complete the proof of Drinfeld real- 
ization we need to establish an isomorphism between the Drinfeld-Jimbo algebra 
and the Drinfeld new realization. There have been several attempts to show the 
isomorphism in the literature, and all previous proofs only established a homomor- 
phism from one form of the algebra into the other one. In this section we will 
combine our previous approach |J2l IZJl IJZj together with Beck and Damiani's 
work to finally settle this long-standing problem and prove the isomorphism be- 
tween the two forms of the quantum affine algebras in both untwisted and twisted 
cases. 

In order to show there exists an isomorphism between the above two structures, 
we recall the inverse map of ^' from Drinfeld realization to twisted quantum affine 
algebra developed in |ZJj . where we denoted by Uq{Q'^) the Drinfeld realization, 
which is the associative algebra over the complex field generated by the elements 
(fc), ai(Z), Kf^ and 72 , where i G {1, 2, • ■ • , N}, fc G Z, and / G Z/{0}, satisfying 
the relations (1) — (10). 

First of all, we review the notation of quantum Lie brackets from |J2] . 

Definition 5.1. Let K be a field and for q^ eW = ]K\{0} and i = 1, 2, • • • , s- 
1, The quantum Lie brackets 



relations. 



□ 



5. Isomorphism betw^een the two structures 




[ai, 02, • • ■ ,as ... — [ai, [02, • • • ,as ](92 




To state the inverse homomorphism, we first give the following well-known 
result. 
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Lemma 5.2. Let i G /, there exists a sequence of indices i = ii, 12, • • • ,ih-i 
such that 9 = ai^ + ■ ■ ■ + ai^_-^ , and {ai^ + • ■ • + , ai^^^ ) = ek, {1 ^ k ^ h - 2) , 
where 9 is the maximal root of Lie algebra Qq and h is the Coxeter number of the 
the Lie algebra Qq. 

Remark 5.3. The above lemma implies that there exist s^j^, Si^, ■ ■ ■ ,Sii^_-^ in 
the Weyl group Wq of the the Lie algebra Qq such that Si^ ■ ■ ■ (aii ), (1 ^ A; ^ h—2) 
are in the root lattice Qq of Qq. In particular, 9 = Si^ -^ ■ ■ ■ Si^i^cti-^). 

The following result was first stated by Drinfeld [Dr| . This particular form was 
given in [J2llJZ] . 

Theorem 5.4. Let ii, ■ ■ ■ , ih-i be a sequence of indices in Lemma \5.S\. then 
there is an algebra homomorphism (j) : Uq{Q'^) — > Uq{Q") defined by 

4>{E{) - 4(0), m) - ^a;-(0), 0(A-,) - K+{Q), 

where Kg = Ki^K^^ ■ ■ ■ Ki,^_^ and a = {Pi^ ■ ■ ■ Pih^^)"^ , and Xg{l), a;^(-l) are 
defined by quantum Lie bracket as below: 

^ei^) [2;r^_i(0)> ■•■ ' 2;,",(0), a;-(l)], ^ „ ... 

Remark 5.5. In |ZJj and |JZj . we have checked that cj) is an algebra homo- 
morphism using quantum Lie brackets. In the sequel we show that the map is in 
fact the inverse of the action of the braid group. 

5.2. Isomorphism between two presentations. Theorem 14 . 41 induces that 
the homomorphism -0 from Drinfeld realization Uq{Q'^) to Drinfeld- Jimbo algebra 
Uq{Q"') is surjective. We now show its injectivity by checking that the products of 
two maps are identity. We start with the following proposition. 

Proposition 5.6. With homomorphisms (p and Tp defined as above, one has 
iP^iEo) = Eo. 

Proof. Note that 

= lP{aXg{l)jL<g^) 

Viij ' I12 ' ' ^•h-2 ' 

Note that for = -1 (see [M]). 

T^{f^.{Fj)) = -T^AFJ)F^+9^F^f^,{F,) ^ q,[F,, f^AFj)],-^^ 

So the above bracket can be written as Ti^ .^Ti^_^ ■ ■ ■ Ti^{Ti^.{Fi-^))Ks-ei when ii 
is not equal to ik for all fc = 2, • • ■ ,h — 1. 
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Thus we need to consider the case ai^ = —2. 

[Fil, [Fi21 ^0;,^ (-Pil) ]<j;i = [Fjj, T^,^{[Fi^, Fij]^ = l)]^=2 

= [Fi^, T^iJ[-Fji, -Fj2]^»l)]^»2 =T^.J[i^j^, [Fji, i^ialg^'l Iq^O 

[21- 

I i^l rp rp / p \ 

where we have used the f^,^ ([F,^, F^^ ) = f^,^ ([F^^, F^^ ) (see [B]). 
Therefore the above q-bracket also can be written as 

V'</>(Fo) = AT,,T,,^_^ ■ ■ ■T,^_{f^^,^{F,,J)Ks-e 

where i'j^, • • • , i'^ are in the set {ii, • • • ih~i\ such that every two elements are dif- 
ferent, and A is a polynomial of q. 
In fact, we have 

Sih-i ■ ■ ■ Si2Wii(aii) = (5 - ail "i^-i =6-9. 

Recall that we have defined E^-e as the quantum root vector 

T.'T,^_,---T^iT.^AF,^)Ks-e 

independently from the sequence (by Remark l3.ip . Thus iP4>{Eq) = AEq for ag = 
S — 9, where A is a polynomial of q. Then we can adjust the map (j) such that the 
action of ipcf) on Eq is identity. □ 

Similarly we can show that ip(j}{FQ) — Fq. Note that by definition ip(j) and ip(j) 
fix all Ei and Fi for i ^ 0, and also the homomorphisms 4> and "0 are surjective by 
construction, therefore tpcj) = 4>ip = I. So we have shown that 

Corollary 5.7. The homomorphisms 4> ■ Uq{Q'^) Kqis'^) and ip : Uq{Q'^) 
Uq{Q") arc two algebra isomorphisms. In particular 4> — ip~''^- 
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